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Abstract

We prove the existence and uniqueness of solutions of sequential lin-
ear fractional q-difference equations where the fractional derivative is the
Riemann–Liouville fractional q-derivative. A fundamental set of solutions
is derived for the homogenous linear sequential fractional difference equa-
tions with constant coefficients and a general solution for the corresponding
non homogenous equation is constructed by using the q-Laplace transform
method. These results extend the results of Annaby et al. in [3] and Kilbas
et al. in [20].
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1. Introduction

In the following q is a positive number, 0 < q < 1, and by the word basic
we mean a q-analog. For n ∈ {1, 2, . . .}, β, a, a1, . . . , ak,∈ C, and ν ∈ R we
define the following functions and notations

(a; q)0 := 1, (a; q)n :=
n−1∏

k=0

(1− aqk), (a; q)∞ :=
∞∏

k=0

(1− aqk),

(a; q)ν :=
(a; q)∞

(aqν ; q)∞
,

[
β

0

]

q

:= 1,

[
β

n

]

q

:=
(qβ−n+1; q)n

(q; q)n
.

1This research is supported by the Fulbright Commission in Egypt through the Ful-
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The q-gamma and the q-beta functions, cf. [11, 17], are defined by

Γq(z) :=
(q; q)∞
(qz; q)∞

(1− q)1−z, z ∈ C, z 6∈ {0,−1,−2, . . .} , (1.1)

Bq(a, b) :=
∫ 1

0
xa−1(qx; q)b−1 dqx, a, b > 0. (1.2)

It is known that Bq(a, b) =
Γq(a)Γq(b)
Γq(a + b)

, cf. [8, p.494]. Let f be a function

defined on a q-geometric set A, I.e. qx ∈ A for all x ∈ A. The q-difference
operator is defined by

Dqf(x) :=





f(x)− f(qx)
x− qx

, x ∈ A− {0} ,

lim
n→∞

x∈A−{0}

f(xqn)− f(0)
xqn

, x = 0,
(1.3)

provided that the limit exists and does not depend on x. The Jackson
q-integration, cf. [18], is
∫ a

0
f(t) dqt := a(1− q)

∞∑

n=0

qnf(aqn),
∫ b

a
f(t) dqt :=

(∫ b

0
−

∫ a

0

)
f(t) dqt,

(1.4)
where a, b ∈ A, provided that the series converge. If 0 ∈ A, f is called
q-regular at zero if lim

n→∞ f(xqn) = f(0) for every x ∈ A, x 6= 0. The q-
integration by part rule is

∫ b

a
u(qt)Dqv(t) dqt = u(b)v(b)− u(a)v(a) +

∫ b

a
Dqu(t)v(t) dqt, (1.5)

provided that u and v are q-regular at zero functions. By L1
q(0, a), a > 0,

we mean the Banach space of all functions defined on (0, a] such that

‖f‖ :=
∫ a

0
|f(t)| dqt < ∞. (1.6)

Let L1
q(0, a) denote the space of all functions f defined on (0, a] such that

f ∈ L1
q(0, x) for all x ∈ (qa, a]. The space ACq[0, a] is the space of all

functions f defined on [0, a] such that f is q-regular at zero and
∞∑

j=0

∣∣f(tqj)− f(tqj+1)
∣∣ < ∞, t ∈ (qa, a]. (1.7)



LINEAR SEQUENTIAL q-DIFFERENCE EQUATIONS . . . 161

Let AC
(k)
q [0, a], k ∈ Z+, be the space of all functions f defined on [0, a] such

that f, Dqf, . . . , Dk−1
q f are q-regular at zero and Dk−1

q f ∈ ACq[0, a]. When

k = 1 we simply write ACq[0, a] for AC
(1)
q [0, a].

The Riemann–Liouville (R-L) fractional q-integral operator is intro-
duced in [6] by Al-Salam through

Iα
q f(x) :=

xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1f(t) dqt, α 6∈ {−1,−2, . . .} . (1.8)

Using (1.4), (1.8) reduces to

Iα
q f(x) = xα(1− q)α

∞∑

n=0

qn (qα; q)n

(q; q)n
f(xqn), (1.9)

which is valid for all α. This R-L fractional q-integral is an extension of the
basic Cauchy formula,

In
q,af(x) :=

∫ x

a

∫ xn−1

a
. . .

∫ x1

a
f(t) dqtdqx1 . . . dqxn−1

=
xn−1

Γq(n)

∫ x

a
(qt/x; q)n−1f(t) dqt.

introduced by Al Salam in [7]. This basic R-L fractional integral is also
given later by Agarwal in [5]. In [9] the fractional q-derivative of order α,
α > 0 is defined by

Dα
q f(x) := φ(x) = Dk

q Ik−α
q f(x), k = [α] + 1, (1.10)

provided that
f(x) ∈ L1

q [0, a], Ik−α
q f(x) ∈ AC(k)

q [0, a]. (1.11)

The following semi-group property is established by R.P. Agarwal in [5]:

Iα
q Iβ

q f(x) = Iβ
q Iα

q f(x) = Iα+β
q f(x), α, β > 0, (1.12)

The following two properties which are proved in [9] will be needed in
the sequel:

1. If f ∈ L1
q [0, a], then

Dα
q Iα

q f(x) = f(x); α > 0, x ∈ (0, a]. (1.13)

2. If f ∈ L1
q [0, a] and I1−α

q f ∈ ACq[0, a], then

Iα
q Dα

q f(x) = f(x)− I1−α
q f(x)

∣∣∣
x=0

xα−1

Γq(α)
, x ∈ (0, a]. (1.14)
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Two q-analogs of the exponential function are introduced by Jackson [16]
and defined by

Eq(z) := (z; q)∞, z ∈ C, and eq(z) :=
∞∑

n=0

zn

(q; q)n
, |z| < 1. (1.15)

A q-analog of the Mittag–Leffler function is introduced in [9] and defined
by

eν,µ(z; q) :=
∞∑

n=0

zn

Γq(νn + µ)
, |z| < (1− q)−ν , (1.16)

where ν > 0, µ ∈ C. For further studies on the Mittag-Leffler functions and
the R-L fractional operator, see for example [10,12,13,15,19,23].

From now on, α will denote a positive number which is less than one.

2. Sequential linear q-difference equations of fractional order

In this section we prove the existence and uniqueness theorem for first
order system of R-L fractional q-derivative of order α. Based on this re-
sult, the existence and uniqueness theorem for solutions of linear sequential
q-difference equation is introduced. We also introduce and prove some essen-
tial properties of the q, α Wronskian, see [20, Chapter 7] for the definition
of the α Wronskian.

Definition 2.1. Let n ∈ N. We shall call linear sequential fractional
q-difference equation of order nα the equation of the form

n∑

k=0

bk(x)Dkα
q y(x) = g(x), 0 < x < a, (2.1)

where bk, k = 0, 1, . . . , n, and g are given real functions, bn(x) 6= 0 for all
x ∈ (0, a), and Dkα

q y is the sequential fractional q-derivatives corresponding
to the R-L fractional operator defined by:

Dα
q y := Dα

q y, Dkα
q y := Dα

qD(k−1)α
q y, k = 2, 3, . . . .

If for all x ∈ [0, a], bn(x) 6= 0, equation (2.1) may be expressed in its normal
form as follows:

(Lq,nαy) (x) := Dnα
q y(x) +

n−1∑

k=0

ak(x)Dkα
q y(x) = f(x). (2.2)

The following lemma which is introduced in [4] is essential in our inves-
tigations.
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Lemma 2.1. Let I and J be intervals containing zero, such that J ⊆ I.
Let fn, f be functions defined in I, n ∈ N, such that lim

n→∞ fn(t) = f(t), for

all t ∈ I, and (fn)n converges uniformly to f on J . Then

lim
n→∞

∫ x

0
fn(t) dqt =

∫ x

0
f(t) dqt, for all x ∈ I.

Theorem 2.1. Let fi(x, y1, . . . , yn) be functions defined for x ∈ (0, a],
a > 0, and yi in domains Gi ⊆ C, i = 1, 2, . . . , n, satisfying the following
conditions:

(i) There is a positive constant A such that, for x ∈ (0, a] and yi, ỹi ∈ Gi,
1 6 i 6 n, the following Lipschiz’ condition is fulfilled

|fi(x, y1, . . . , yn)− fi(x, ỹ1, . . . , ỹn)| 6 A

(
|y1 − ỹ1|+ . . . + |yn − ỹn|

)
.

(ii) There exists M > 0 such that

|fi(x, y1, . . . , yn)| 6 Mxα−1, yi ∈ Gi, i = 1, . . . , n, x ∈ (0, a]. (2.3)

Let K be a constant that satisfies

K > Ma2α−1Γq(α)
Γq(2α)

, (2.4)

and Di(a,K) ⊂ Gi be the set of points yi ∈ Gi satisfying the relation

|yi − bi
xα−1

Γq(α)
| < K, for all x ∈ (0, a].

Then, there exists h ∈ (0, a] such that the initial value problem

Dα
q yi(x) = fi(x, y1(x), . . . , yn(x)), i = 1, 2, . . . , n, (2.5)

I1−α
q yi(x)|x=0 = bi, bj ∈ R, i = 1, 2, . . . , n, (2.6)

has a unique solution {φi(·)}n
i=1 valid in (0, h]. Moreover, the functions

{φi}n
i=1 are 0+-singular of order α, that is

lim
x→0+

x1−αφi(x) < ∞, i = 1, 2, . . . , n.
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P r o o f. Existence. Define the sequences {φi,m(x)}∞i,m=1, x ∈ (0, a] by

φi,1(x) =
bi x

α−1

Γq(α)
, and

φi,m(x) =
xα−1

Γq(α)

(
bi +

∫ x

0

(
qt/x; q

)
α−1

fi (t, φ1,m−1(t), . . . , φn,m−1(t)) dqt

)
,

(2.7)
m > 2. We will show that lim

m→∞φi,m(x) exists and gives the required solution

{φi(·)}n
i=1 of the initial value problem (2.5)–(2.6). We prove the existence

in four steps.

i. We prove by induction on m that

φi,m(x) ∈ Di(a, k), m ∈ Z+, x ∈ (0, a], i = 1, 2, . . . , n. (2.8)

Clearly, φi,1(x) ∈ Di(a,K) for i = 1, . . . , n and x ∈ (0, a]. If we assume that
φi,m(x) ∈ Di(a, k) for i = 1, . . . , n and x ∈ (0, a], then by (2.3) we obtain

|fi(x, φ1,m(x), . . . , φn,m(x))| 6 Mxα−1, x ∈ (0, a].

Thus
∣∣∣∣φi,m+1(x)− bi

Γq(α)
xα−1

∣∣∣∣ 6 Mxα−1

Γq(α)

∫ x

0
(qt/x; q)α−1t

α−1 dqt

=
Mx2α−1

Γq(α)
Bq(α, α) =

Mx2α−1Γq(α)
Γq(2α)

6 Ma2α−1Γq(α)
Γq(2α)

6 K. (2.9)

So, φi,m+1(x) ∈ Di(a,K), x ∈ (0, a]. This completes the induction steps
and proves (2.8).

ii. We prove that φi,m is 0+-singular of order α for all m ∈ N, i =
1, 2, . . . , n. From (2.8) we conclude that∣∣∣∣φi,m(x)− bi

Γq(α)
xα−1

∣∣∣∣ 6 K, m ∈ Z+, x ∈ (0, a].

Consequently,∣∣∣∣x1−αφi,m(x)− bi

Γq(α)

∣∣∣∣ 6 Kx1−α, m ∈ Z+, x ∈ (0, a].

Therefore limx→0+ x1−αφi,m exists for all m ∈ N, i = 1, 2, . . . , n.
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iii. We prove by induction on m that

|φi,m+1(x)− φi,m(x)| 6 MBm−1xmα

Γq(mα + 1)
, B := An, m ∈ Z+, x ∈ (0, a].

(2.10)
From (2.9), inequality (2.10) is true at m = 1. Assume that (2.10) is true
at m = k. Hence for x ∈ (0, a], we have

|φi,k+2(x)− φi,k+1(x)| 6 xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1

× |fi(t, φ1,k+1(t), . . . , φn,k+1(t))− fi(t, φ1,k(t), . . . , φn,k(t))| dqt

6 Axα−1

Γq(α)

∫ x

0
(qt/x; q)α−1

n∑

j=1

|φj,k+1(t)− φj,k(t)| dqt

6 MBkxα−1

Γq(α)Γq(kα + 1)

∫ x

0
(qt/x; q)α−1t

kα dqt =
BkM

Γq((k + 1)α + 1)
x(k+1)α.

That is (2.10) is true at m = k + 1 and hence it is true for all m > 1.

iv. We prove that limm→∞ φi,m(x) exists for i = 1, 2, . . . , n, x ∈ (0, a]
such that {φi(·)}n

i=1,

φi(x) := lim
m→∞φi,m(x), i = 1, 2, . . . , n, x ∈ (0, a],

defines a solution of (2.5), (2.6). Consider the infinite series

φi,1(x) +
∞∑

m=1

φi,m+1(x)− φi,m(x). (2.11)

From (2.10) we obtain
∞∑

m=1

|φi,m+1(x)− φi,m(x)| 6 M

B

∞∑

m=1

(Bxα)m

Γq(mα + 1)
6 M

B
eα,α(Bxα; q).

Set h := min
{

a, 1
B1/α(1−q)

}
. Since eα,α(Bxα; q) is defined only for |x| 6 h,

then the series in (2.11) is uniformly convergent on (0, h] to a function φi,
and φi(x) = lim

m→∞φi,m(x). Since φi,m(x) is 0+-singular of order α for all

m ∈ N, i = 1, . . . , n, then so is φi(x). Also φi,m(x) ∈ Di(a, k) implies that
φi(x) ∈ Di(a, k), x ∈ (0, h]. The uniform convergence of the sequences
{φi,m(x)} on (0, h] allows us to let m →∞ in the relationship (2.7), which
gives

φi(x) =
bi

Γq(α)
xα−1 +

xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1fi (t, φ1(t), . . . , φn(t)) dqt,
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x ∈ (0, a]. Consequently applying (1.12) yields

I1−α
q φi(x) = bi + I1−α

q Iα
q fi(x, y1(x), . . . , yn(x))

= bi + Iqfi(x, y1(x), . . . , yn(x)).

Since fi(x, y1(x), . . . , yn(x)), i = 1, 2, . . . , n, are bounded on (0, h], then
I1−α
q φi(0) = bi, i = 1, 2, . . . , n, i.e. {φi}n

i=1 satisfies the initial conditions
(2.6).

Uniqueness. To prove uniqueness, we assume that {ψi}n
i=1 is another

solution of (2.5)–(2.6) valid in an interval (0, b], b 6 h. For i = 1, 2, . . . , n,
and x ∈ (0, h] set

χi(x) := φi(x)− ψi(x),
gi(x) := fi (x, φ1(x), . . . , φn(x))− fi (x, ψ1(x), . . . , ψn(x))

Hence Dα
q χi(x) = gi(x), I1−α

q χi(0) = 0, i = 1, . . . , n. By (1.14) we obtain

χi(x) =
xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1gi(t) dqt, i = 1, · · · , n. (2.12)

Now χi is 0+-singular of order α for i = 1, 2, . . . , n. Then for each x ∈ (qb, b)
there exists a constant Cx > 0 such that

t1−α|χi(t)| 6 Cx

Γq(α)
, t ∈ {xqm, m ∈ N} . (2.13)

Fix x ∈ (qh, h] and t ∈ {xqm, m ∈ N}. Hence from (2.12) and (2.13) we
obtain

|χi(t)| 6 Atα−1

Γq(α)

n∑

i=1

∫ t

0
(qu/t; q)α−1χi(u) dqu

6 AnCxt2α−1

Γ2
q(α)

Bq(α, α) =
BCx

Γq(2α)
t2α−1

Repeating the previous process k times we obtain

|χi(t)| 6 Cx
Bk+1tαk+α−1

Γq(αk + α)
, k ∈ Z+, i = 1, 2, . . . , n. (2.14)

Since
Bktαk

Γq(αk + α)
is the general term of the series of eα,α(βtα), t < a,

then limk→∞
Bktαk

Γq(αk + α)
= 0. Therefore χi(t) = 0, t ∈ {xqm, m ∈ N},

x ∈ (qb, b]. That is χ(x) = 0 for all x ∈ (0, b], proving the uniqueness.
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Theorem 2.2 . Assume that all conditions of Theorem 2.1 above are
satisfied with Gi = C for all i; i = 1, . . . , n. Then problem (2.5)–(2.6) has a

unique solution valid at least in I∗, I∗ := (0, a]
⋂ (

0, 1

(An)
1
α (1−q)

)
.

P r o o f. We prove this theorem by proving the existence and uniqueness
on any subinterval (0, h] ⊆ I∗, h > 0. Similarly to the proof of Theorem 2.1
above, we can find a constant γ 6 h such that φi,m converges uniformly to
φ on (0, γ], where φi,m are defined in (2.7). In addition to this it is not hard
to see that φi,m converges to φi pointwise on (0, h]. Using Lemma 2.1 it can
be shown that the solution {φi}n

i=1 could be extended throughout (0, h].

Theorem 2.3. Let aj(x), j = 0, 1, . . . , n − 1, and f(x) be 0+-singular
functions of order α defined on (0, a]. Then there exists 0 < h 6 a such
that the equation

Lnα,qy(x) = f(x) (2.15)

has a unique solution valid in (0, h] satisfying for k = 0, 1, . . . , n− 1,

I1−α
q Dkα

q y(0) = bk, bk ∈ R, (2.16)
or equivalently,

lim
x→0+

x1−αDkα
q y(x) =

bk

Γq(α)
. (2.17)

P r o o f. From Theorem 2.1, there exists h > 0 such that the first order
system

Dα
q yi = yi+1, i = 1, 2, . . . , n− 1,

Dα
q yn = −a0y1 − a1y2 − . . .− bn−1yn + f(x) (2.18)

has a unique solution valid in (0, h]. But {yj}n
j=1 is a solution of (2.18) with

the initial conditions (2.6) if and only if y1 is a solution of (2.15) with the
initial conditions (2.16) or (2.17).

The following two propositions follow at once from Theorem 2.3.

Proposition 2.1. Let aj , j = 1, 2, . . . , n, be 0+-singular of order α
functions defined on (0, a]. Then the homogeneous fractional q-difference
equation (2.2) with the initial conditions

lim
x→0+

x1−αDjα
q y(x) = 0, or I1−α

q Djα
q y(0) = 0, j = 0, 1, . . . , n− 1,

has only the trivial continuous solution y(x) = 0.
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Proposition 2.2. Any linear combination of solutions of the homoge-
neous equation

Lq,nαy(x) = 0 (2.19)

is also a solution of this equation.

Definition 2.2. We call q, α Wronskian of n functions uj , j =
1, 2, . . . , n, having fractional sequential q-derivative up to order (n − 1)α
in (0, a], the following determinant

|Wq,α (u1, . . . , un) (x)| =
∣∣∣∣∣∣∣∣∣

u1(x) u2(x) . . . un(x)
Dα

q u1(x) Dα
q u2(x) . . . Dα

q un(x)
...

...
D(n−1)α

q u1(x) D(n−1)α
q u2(x) . . . D(n−1)α

q un(x)

∣∣∣∣∣∣∣∣∣
.

To simplify the notation, this will be represented by |Wq,α(x)|. We shall
use Wq,α for the corresponding q, α Wronskian matrix.

Proposition 2.3. Let {uj(x)}n
j=1 be a family of functions which admit

fractional sequential q-derivatives up to order (n − 1)α in (0, b], satisfying
for j = 1, 2, . . . , n and k = 0, . . . , n− 1, the condition

lim
x→0+

x1−αDkα
q uj(x) < ∞. (2.20)

If the functions
{
x1−αuj(x)

}n

j=1
are linearly dependent in [0, a], then

xn−nα|Wq,α(x)| = 0, for all x ∈ [0, a].

P r o o f. Since
{
x1−αuj(x)

}n

j=1
are linearly dependent in [0, a], then

there exist n constants {cj}n
j=1, not all zeros, such that for all x ∈ [0, a],∑n

j=1 cjx
1−αuj(x) = 0. Therefore for all x ∈ (0, a] we get

n∑

k=1

cjuj(x) = 0. (2.21)

Successive applications of the sequential q-derivative Dkα
q , k = 1, . . . , n− 1,

to (2.21) lead to the following relation:

Wq,α(x)C̃ = 0̃, C̃ = (c1, c2, . . . , cn)> 6= 0̃, (2.22)

and 0̃ is the zero n×1 matrix. Consequently, |Wq,α(x)| = 0 for all x ∈ (0, a].
In addition, by (2.20), we can also conclude that
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lim
x→0+

x1−αWq,α(x)C̃ = 0̃,

and hence limx→0+ xn−nα|Wq,α(x)| = 0, which completes the proof.

Proposition 2.4. Let {uj(x)}n
j=1 be solutions of the equation (2.19)

satisfying the initial conditions (2.16) or (2.17). Then {uj(x)}n
j=1 are lin-

early independent if and only if

lim
x→0+

xn−nα |Wq,α (u1, . . . , un)| 6= 0. (2.23)

P r o o f. The proof of the sufficient part follows from Proposition 2.3
by ‘reductio ad absurdum’. To prove the necessary part, we suppose on the
contrary that limx→0+ xn−nα|Wq,α(x)| = 0. Hence the system

x1−αWq,α(x)
∣∣∣
x=0

C̃ = 0̃,

has a non zero solution C̃. For the function y(x) :=
∑n

j=1 cjuj(x), x ∈ (0, a],
which is a solution of (2.19) in (0, a] it holds that

x1−αDkα
q y(x)

∣∣∣
x=0

= 0, k = 0, 1, . . . , n− 1.

Therefore, by proposition 2.1, x1−αy(x) = 0 for all x ∈ [0, a] and conse-
quently

{
x1−αuj(x)

}n

j=1
are linearly dependent in [0, a], which is a contra-

diction. Hence (2.23) should hold.

Let M be the vector space of all solutions of the homogeneous equation
(2.19). We call a fundamental set of solutions of (2.19) any set of linearly
independent solutions that form a basis of M .

Theorem 2.4. M is a vector space of dimension n.

P r o o f. Let {φi}n
i=1 be n solutions of (2.19) satisfying the initial

conditions

lim
x→0+

x1−αD(k−1)α
q φj(x) =

δkj

Γq(α)
, k, j = 1, . . . , n.

Since
lim

x→0+
xn−nαWq,α(φ1, . . . , φn)(x) =

1
Γn

q (α)
,

then, from proposition 2.3, the functions {φi}n
i=1 are linearly independent.

Let y ∈ M − {0}. Then there exist constants {bk}n
k=1, not all zeros, such
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that limx→0+ x1−αD(k−1)α
q y(x) = bk. Set b̃ = (b1, b2, . . . , bn)>. Then the

system
lim

x→0+
x1−αWq(φ1, . . . , φn)(x)C̃ = b̃

has a non zero solution C̃, C̃ = (c1, c2, . . . , cn). Let z(x) =
∑n

j=1 cjφj(x),
x ∈ (0, a]. Then

lim
x→0+

x1−αD(k−1)α
q (y − z)(x) = 0, k = 1, 2, . . . , n.

Consequently, from Proposition 2.1, z(x) ≡ y(x), x ∈ (0, a]. Thus y is
written uniquely as a linear combination of the functions {φi}n

i=1. Hence
{φi}n

i=1 is a basis of M .

The proofs of the following results are direct and are omitted.

Corollary 2.1. A set {uj(x)}n
j=1 of n linearly independent solutions

of (2.19) is a fundamental set if and only if

lim
x→0+

xn−nα |Wq (u1, . . . , un)| 6= 0.

Proposition 2.5. If yp is a particular solution to the equation (2.15),
then the general solution to this equation is given by yg = yh + yp, where
yh is the general solution to the associated homogeneous equation (2.19).

3. Solutions of linear fractional q-difference equations with
constant coefficients

In this section we are concerned with constructing a fundamental set of
solutions of (2.2) when it has constant coefficients. Let

Lq,nαy(x) :=
n∑

k=0

akDkα
q y(x) = 0, (3.1)

where the coefficients {ak}n−1
k=0 are real constants and an 6= 0.

The characteristic polynomial P (λ) of (3.1) is defined by

P (λ) = a0λ
n + a1λ

n−1 + · · ·+ an , λ ∈ C. (3.2)

From now on λi, 1 6 i 6 K denote the distinct roots of P (λ) and µi denotes
the multiplicity of λi, so that

∑K
i=1 µi = n. As in the usual case we shall

seek a solution in the form

y(x, λ) = xα−1eα,α(λxα; q) = xα−1
∞∑

j=0

(λxα)j

Γq(αj + α)
, |x| < (1− q)−1.
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Since Dkα
q y(x, λ) = λky(x, λ), k ∈ N, then we have

Lq,nαy(x, λ) = Pn(λ)y(x, λ). (3.3)

The following assertion is true for complex λ ∈ C.

Lemma 3.1. If λ ∈ C is a root of the characteristic polynomial (3.2),
then

∂l

∂λl
(Lq,nαy(x, λ)) = Lq,nα

(
∂l

∂λl
y(x, λ)

)
, l ∈ N, (3.4)

and

∂l

∂λl
y(x, λ) = xlα+α−1

∞∑

m=0

(m + l)(m + l − 1) . . . (m + 1)
(λxα)m

Γq(mα + lα + α)
.

P r o o f. The lemma follows from the linearity of the operators ∂l

∂λl and
Lq,nα.

Lemma 3.2. For i; i = 1, . . . , K, and l, l = 1, . . . , µi, the functions

φα,l(x, λi) := xlα+α−1
∞∑

m=0

(m + l)(m + l − 1) . . . (m + 1)
(λix

α)m

Γq(mα + lα + α)
,

(3.5)
|λi||x(1− q)|α < 1, are linearly independent solutions of (3.1).

P r o o f. From equations (3.3)–(3.4) and the classical Leibniz rule, we
obtain

Lq,nα (φα,l(x, λi)) = Lq,nα

(
∂l

∂λl
eα,1(λx; q)

) ∣∣∣
λ=λi

=
l∑

r=0

(
l

r

)
P (r)(λ)φ(l−r)

i,l (x, λ)
∣∣∣
λ=λi

= 0,

for l = 0, 1, . . . , µi−1. So the functions defined in (3.5) are solution of (3.1).
The linear independence follows from Proposition 2.3 since

lim
x→0+

xk−αk |Wq,α (φα,1, φα,2, . . . , φα,µi) (x, λi)| = 1
Γk

q (α)
.

This lemma and the above discussion leads to the following theorem.
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Theorem 3.1. The set {φα,r(x, λi)}µi−1
r=0 of (3.5) is a linearly indepen-

dent set of solutions of (3.1). Moreover, the set{
{φα,r(x, λi)}mi−1

r=0 , i = 1..k
}

is a fundamental set of solutions of (3.1).

Example 3.1. Consider the fractional differential equation

D2α
q y(x)− y(x) = 0.

The characteristic polynomial P (λ) = λ2 − 1 has two distinct roots λ1 = 1,
λ2 = −1. Hence the general solution is given by

y(x) = c1x
α−1eα,1(x; q) + c2x

α−1eα,2(−x; q),

where c1 and c2 are arbitrary constants.

4. General solution in the non homogenous case

In this section we seek a general solution for the non-homogenous equa-
tion

Lq,nαy(x) = f(x). (4.1)

by applying the Laplace transform method to derive a particular solution
yp(x) of (4.1).

In [14], Hahn defined two q-analogs of the Laplace transform. We are
interested in the one defined by

qLsf(x) = φ(s) =
1

1− q

∫ s−1

0
(−qsx; q)∞ f(x) dqx. (4.2)

As an example, if

φr(x) =
xr

Γq(r + 1)
, r > −1, then qLsφr(x) =

(1− q)r

sr+1
. (4.3)

Abdi in [1] studied certain properties of these q-transforms. In [2]
he used these analogs to solve linear q-difference equations with constant
coefficients and certain allied equations. In [9], Annaby and Mansour used
(4.2) to construct a fundamental set of solutions for a certain linear R-L
fractional q-difference equation with constant coefficients. Ismail in [15]
defined the convolution of two functions F, G to be
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(F ∗G) =
1

1− q

∫ x

0
F (t)ε−qtG(x) dqt, (4.4)

where εy is defined by Ismail in [15]. It is proved by Hahn, cf. [14] that

qLs(F ∗G) = qLsF qLsG. (4.5)

The q-Laplace transforms of the R-L fractional q-integral and q-derivative
are given in the following lemma, cf. [9]

Lemma 4.1. If F ∈ L1
q [0, a] and Φ(s) := qLsF (x), then

qLsI
β
q F (x) =

(1− q)β

sβ
Φ(s), β > 0. (4.6)

If 0 < β < 1 and I1−β
q F (x) ∈ ACq[0, a], then

qLsD
β
q F (x) =

sβ

(1− q)β
Φ(s)− I1−β

q F (0). (4.7)

Lemma 4.2. The q-Laplace transform of the Riemann–Liouville sequen-
tial q-derivative of order mα is given by

qLsDmα
q y(x) = pmαφ(s)−

m−1∑

l=0

pα(m−1−l)I1−α
q Dαl

q , p =
s

1− q
.

P r o o f. The proof of this lemma follows by induction on m and by
using (4.7).

Lemma 4.3. For each i, i = 1, . . . , k, l = 1, 2, . . . , µi,

qLs (φα,l(x, λi)) =
l!

1− q
(pα − λi)−l−1, |p|α > |λi| (4.8)

is valid in the disk {x ∈ R : |λi||x(1− q)|α < 1}, where p :=
s

1− q
.

P r o o f. From the properties of the q-Laplace transform, cf. [2], (3.5)
and (4.3), we obtain

qLsφα,l(x, λi) = qLs

∞∑

m=0

(m + l)(m + l − 1) . . . (m + 1)
λm

i xmα+lα+α−1

Γq(mα + lα + α)

=
p−lα−α

1− q

∞∑

m=0

(m + l)(m + l − 1) . . . (m + 1)(λi p
−α)m.
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So for |λi| < pα we get

qLsφα,l(x, λi) =
p−lα−α

1− q

dl

dzl

∞∑

m=0

zm
∣∣∣
z=λip−α

=
p−lα−α

(1− q)
dl

dzl

1
1− z

∣∣∣
z=λip−α

=
l!

(1− q)(pα − λi)l+1
.

Theorem 4.1. Let {λj}K
j=1 be the K distinct roots of the multiplicity

{µj}K
j=1 of the characteristic polynomial Pn(λ) associated with the homo-

geneous equation Lq,nαy(x) = 0. Let Qn−1(λ) be the polynomial defined
by

Qn−1(λ) =
n−1∑

l=0

dlλ
l, dl :=

n−l−1∑

k=0

akI
1−α
q Dkα

q y(0).

Let {γj,r}, {δj,r} ,j = 1, . . . , k, r = 1, . . . , µj be the constants satisfying the
identities

1
Pn(λ)

=
K∑

j=1

µj∑

r=1

δj,r

(λ− λj)r
,

Qn−1(p)
Pn(p)

=
K∑

j=1

µj∑

r=1

γj,r

(λ− λj)
r . (4.9)

Then the general solution of (4.1) is given by

y(x) =
K∑

j=1

µj∑

r=1

(1− q)
r − 1!

(
γj,rφα,r(x, λj) + δj,rf(x) ∗ φα,r(x, λj)

)
. (4.10)

P r o o f. First, it should be noted that the constants {γj,r}, {δj,r}, j =
1, . . . , k, r = 1, . . . , µj are uniquely determined by applying the method of

partial fraction on the fractional functions
1

Pn(λ)
and

Qn−1(λ)
Pn(λ)

respectively.

Applying the q-Laplace transform on the two sides of (4.1) gives
(

n∑

r=0

arp
rα

)
φ(s)−

n∑

m=1

m−1∑

l=0

am−1−l

(
I1−α
q Dαl

q y(0)
)

plα = F (s), p =
s

1− q
.

Since
∑n

m=1

∑m−1
l=0 am−1−l

(
I1−α
q Dαl

q y(0)
)

plα =

n−1∑

l=0

(
n∑

m=l+1

am−1−l

(
I1−α
q Dα(m−l−1)

q y(0)
))

plα =
n−1∑

l=0

dl p
lα = Qn−1(pα),
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then φ(s) =
Qn−1(pα)
Pn(pα)

+
F (s)

Pn(pα)
. From (4.9) and (4.5) we obtain

φ(s) =
k∑

j=1

µj∑

r=1

γj,r

(pα − λj)
r +

K∑

j=1

µj∑

r=1

δj,r

(pα − λj)
r F (s).

Thus, y(x) =
K∑

j=1

µj∑

r=1

qL
−1
s

(
γj,r

(pα − λj)
r + F (s)

δj,r

(pα − λj)
r

)
. (4.11)

From (4.8) and (4.5) we get, for |pα| > max
16j6K

|λj |,
1

(pα − λj)
r = qLs

(
(1− q)
r − 1!

φα,r(x, λj)
)

, (4.12)

qL
−1
s

F (s)
(pα − λj)

r = f(x) ∗ φα,r(x, λj). (4.13)

Then substituting from (4.12) and (4.13) in (4.10) gives (4.10) and complet-
ing the proof.

Example 4.1. Consider the sequential fractional q-difference equation
of order 2α

D2α
q y(x)−Dα

q y(x)− 2y(x) = f(x). (4.14)

The characteristic polynomial P2(λ) of (4.14) is given by

P2(λ) = λ2 − λ− 2 = (λ + 1)(λ− 2).

It has two distinct roots λ1 = −1 and λ2 = 2. Therefore the general solution
of the homogeneous equation (4.14) is given by

y(x) = c1x
α−1eα,α(−xα; q) + c2x

α−1eα,α(2xα; q),

where c1 and c2 are arbitrary constants. One can verify that

γ1,1 =
1
3
(d1 − d0), γ2,1 =

1
3
(2d1 − d0), δ1,1 = −1

3
, and δ2,1 =

1
3
.

That is,
yp(x) = γ1,1φα,1(x,−1) + γ2,1φα,1(x, 2) +

1
3
f(x) ∗ (φα,1(x, 2)− φα,1(x,−1)) .

Now we compute yp in case of f(x) = x. Set g(x) := φα,1(x, 2)−φα,1(x,−1).
Then

f(x) ∗ g(x) =
1

1− q

∫ x

0
g(t)ε−qtx dqt =

1
1− q

∫ x

0
g(t)(x− qt) dqt. (4.15)

Applying the q-integration by part rule (1.5) with
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a = 0, b = x, u(t) = x− t, and Dqv(t) = g(t)

gives

f(x) ∗ g(x) =
1

1− q

∞∑

m=0

(m + 1)
(
2m + (−1)m+1

) xmα+2α

Γq(mα + 2α + 1)

=
x2α+1

1− q

(
e
(1)
α,α+2(2x

α; q)− e
(1)
α,α+2(−xα; q)

)
,

where by f (k)(z), k ∈ Z+, we mean
dk

dzk
f(z). Thus

yp(x) = γ1,1φα,1(x,−1) + γ2,1φα,1(x, 2)

+
x2α+1

3(1− q)

(
e
(1)
α,α+2(2xα; q)− e

(1)
α,α+2(−xα; q)

)
.

Remark 4.1. We would like to mention that the results of this pa-
per hold if we consider linear sequential q-difference equations where the
fractional q-derivative is the Caputo q-derivative, cf. [9, 22]. The Caputo
q-derivative of order α is defined as

cDα
q f(x) := Ik−α

q Dk
q f(x), k = [α] + 1, f ∈ AC(k)

q [0, a]. (4.16)
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