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Abstract

We prove the existence and uniqueness of solutions of sequential lin-
ear fractional g¢-difference equations where the fractional derivative is the
Riemann—Liouville fractional g-derivative. A fundamental set of solutions
is derived for the homogenous linear sequential fractional difference equa-
tions with constant coefficients and a general solution for the corresponding
non homogenous equation is constructed by using the g-Laplace transform
method. These results extend the results of Annaby et al. in [3] and Kilbas
et al. in [20].
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1. Introduction

In the following ¢ is a positive number, 0 < ¢ < 1, and by the word basic

we mean a g-analog. For n € {1,2,...}, ,a,a1,...,a;,€ C, and v € R we
define the following functions and notations
n—1 o0
(@ = 1, (o= [[(1—ad), (@0 = [[(1 - ag®),
k=0 k=0
, L (w9s  [B] . (8] (@)
(:9)y = ——, =1, =
(ag”;q)oe” O], nj, (4 9)n

!This research is supported by the Fulbright Commission in Egypt through the Ful-
bright Scholar Grant number G-1-00005.
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The g-gamma and the g-beta functions, cf. [11,17], are defined by

(45 @)oo

Ly(z) = 222 (1—-q)!7% 2€C,2¢{0,—-1,-2,...}, (1.1
1
By(a,b) = / 2 Nqw; q)p_1 dgz, a,b> 0. (1.2)
0
Ly(a)lq(b
It is known that By(a,b) = Im, cf. [8, p.494]. Let f be a function

defined on a ¢-geometric set A, l.e. gx € A for all x € A. The ¢-difference
operator is defined by

f(@) — flaz) zeA—{0}
pp— o qx ’ |
Dyf(x) = i J@d®) = f(0) =0 -
veA {0} rq" | |

provided that the limit exists and does not depend on z. The Jackson
g-integration, cf. [18], is

[ #erdst = a1 - q)g:oq"f(aq"), [ rwag=([ - [")rwaz
(

1.4)

where a,b € A, provided that the series converge. If 0 € A, f is called

g-regular at zero if lim f(zq") = f(0) for every x € A, © # 0. The ¢-
n—oo

integration by part rule is

b b
/ u(gt)Dqu(t) dgt = u(b)v(b) — u(a)v(a) + / Dgu(t)v(t)dgt,  (1.5)

provided that u and v are g-regular at zero functions. By Lé(O, a), a > 0,
we mean the Banach space of all functions defined on (0, a] such that

1= [ 1r©ldyt < . (1.6)
Let £3(0,a) denote the space of all functions f defined on (0,a] such that

f e Lé(O,:U) for all © € (qa,a]. The space AC,[0,a] is the space of all
functions f defined on [0, a] such that f is g-regular at zero and

> |fte’) - ftd )| < 00, t € (qa,al. (1.7)
=0
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Let .AC’(gk) [0,a], k € ZT, be the space of all functions f defined on [0, a] such
that f, Dyf,..., D]q“_lf are g-regular at zero and D]q“_lf € AC,[0,a]. When

k =1 we simply write AC,0, a] for AC’él) [0, a].

The Riemann-Liouville (R-L) fractional g¢-integral operator is intro-
duced in [6] by Al-Salam through

J,‘a_l x
1) = fo [t/ g0t e (-1o2) 0
Using (1.4), (1.8) reduces to .
) =2 = 0" o ), (19)

which is valid for all . This R-L fractional ¢g-integral is an extension of the
basic Cauchy formula,

x Tn—1 1
Ig.f(z) = // / F(t)dgtdgzy ... dgrn
B xn—l x

t/x; t)dgt.

Fq(n) /a (q /‘Taq)n—lf( ) q

introduced by Al Salam in [7]. This basic R-L fractional integral is also
given later by Agarwal in [5]. In [9] the fractional g-derivative of order «,
« > 0 is defined by

Dy f(x) = ¢(x) = DgIy*f(z), k=l[a]+1, (1.10)
provided that

f(x) € £Y[0,a], IFf(z) e ACP0,al. (1.11)
The following semi-group property is established by R.P. Agarwal in [5]:
o _ (e} _ Jo+

The following two properties which are proved in [9] will be needed in
the sequel:

1. If f € £}[0,a], then

DgIg f(x) = f(z); a>0, z€(0,a]. (1.13)
2. If f € £}[0,a] and I;=*f € ACy[0,a], then
wafl

18D f(z) = f(z) — I, f(x)

vmoTo@) © € (0, al. (1.14)
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Two g-analogs of the exponential function are introduced by Jackson [16]
and defined by

n

Eqy(2) == (2;¢)00, 2 € C, and ey(z) := Z , 2] < 1. (1.15)

= (@D

A g-analog of the Mittag—Leffler function is introduced in [9] and defined
by
o Zn

evu(2;q) = nZ::O m7 lz| < (1-q)7", (1.16)

where v > 0, p € C. For further studies on the Mittag-Lefller functions and
the R-L fractional operator, see for example [10,12,13,15,19,23].

From now on, a will denote a positive number which is less than one.

2. Sequential linear ¢-difference equations of fractional order

In this section we prove the existence and uniqueness theorem for first
order system of R-L fractional g-derivative of order «. Based on this re-
sult, the existence and uniqueness theorem for solutions of linear sequential
g-difference equation is introduced. We also introduce and prove some essen-
tial properties of the ¢, & Wronskian, see [20, Chapter 7] for the definition
of the @ Wronskian.

DErFINITION 2.1. Let n € N. We shall call linear sequential fractional
g-difference equation of order na the equation of the form

Zbk Dka =g(z), 0<z<a, (2.1)

where by, k£ = 0, 1, ...,m, and g are given real functions, b,(x) # 0 for all
z € (0,a), and Dé’ay is the sequential fractional g-derivatives corresponding
to the R-L fractional operator defined by:

o, a koo, . o k—1a _
Dy = DSy, DFy .= DDy, k=23, ..

If for all € [0, a], b, (x) # 0, equation (2.1) may be expressed in its normal
form as follows:

(Lgnay) (x) := Dy y(x) + Z ax(x)Dyy(x) = f(@). (2.2)

The following lemma which is 1ntr0duced in [4] is essential in our inves-
tigations.
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LEMMA 2.1. Let I and J be intervals containing zero, such that J C I.
Let f,, f be functions defined in I, n € N, such that lim f,(t) = f(t), for
n—oo

all't € I, and (f,)n converges uniformly to f on J. Then
lim fn(t)dgt = / f(t)dgt, forallzel.
0 0

THEOREM 2.1. Let fi(x,y1,...,yn) be functions defined for z € (0, al,
a > 0, and y; in domains G; C C, ¢+ = 1,2,...,n, satisfying the following
conditions:

(i) There is a positive constant A such that, for x € (0, a] and y;,7; € G,
1 < ¢ < n, the following Lipschiz’ condition is fulfilled

|fi(x>y17"' >yn> - fi(waglv" . 7Z/~n)| < A(’yl - y~1| +.o+ ‘yn - y~n|>

(ii) There exists M > 0 such that
Ifi(@, y1, e yn)| S Mzt g € Gy, i=1,...,n, z € (0,a]. (2.3)

Let K be a constant that satisfies
Ma?**~ 1T (a)

K> : 2.4
Lq(20) (24)
and D;(a, K) C G; be the set of points y; € G; satisfying the relation
xafl
i, —bj——| < K, for all z € (0,al.
= b | < Ko forall o € (0.
Then, there exists h € (0, a] such that the initial value problem
Dgyi(z) = fi(z,y1(x), ..., yn(z)), i=1,2,...,n, (2.5)
I Yi(@) om0 = bi, bj ER, i=1,2,...,n, (2.6)

has a unique solution {¢;(-)};—, valid in (0,h]. Moreover, the functions
{¢i}i, are 0T -singular of order «, that is

lil%l+ 1 Ti(x) < o0, i =1,2,...,n.
xr—>
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P roof. Eristence. Define the sequences {¢;m(z)}:, _;, = € (0,a] by
b; zo !
i1(x) = , and
() Lg(e)
xa—l T
¢z,m(x) - 5 7 N bz + / (qt/55§ Q)a_lfi (t, ¢1,m—1(t)u B 7¢n7m—1(t)) dqt 5
Lg() 0

(2.7)
m > 2. We will show that lim ¢; ,,(x) exists and gives the required solution
m—0o0

{¢i(-)};_, of the initial value problem (2.5)-(2.6). We prove the existence
in four steps.

i. We prove by induction on m that
¢im(z) € Di(a, k), meZ", x€(0,a], i=1,2,...,n. (2.8)

Clearly, ¢;1(z) € Di(a, K) fori=1,...,n and € (0,a]. If we assume that
¢im(x) € Di(a, k) for i =1,...,n and x € (0, al, then by (2.3) we obtain

|fi(z, p1.m (), ..., Pm(x))] < Mzt ze (0, al.

Thus
b; Mzt =
Gimi1(z) — =——z*7 < / qt/x;q)q_ 1t dgt
+ ) Fq(Oé) Fq(a) 0 ( / 1 q
M 2a—1 M 2a71F
o M g (aa) = M Tala)
Fq(@) Fq(Qa)
Ma?*~1T,(a)
< —F DU LK. 2.9
I'4(2a) (2.9)

So, ¢im+1(x) € Dj(a,K), x € (0,a]. This completes the induction steps
and proves (2.8).

ii. We prove that ¢;,, is 07-singular of order « for all m € N, ¢ =
1,2,...,n. From (2.8) we conclude that

b,
bim(r) — =———2* | <K, meZ", ze(0,al

Iy(a)
Consequently,
b,
-« ? 11—« +
T i m(x) — <Kz ™% meZ", z€(0,a.
o Lg(a)

Therefore lim,_,o+ 217%®; , exists for all m € N, i =1,2,...,n.
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iii. We prove by induction on m that

MBmflxma
i,m — Pim <7,BZZA, Z+a , al.
|¢, +1($) ¢, (Cl?)‘ Fq(ma—l—l) n, me T e (O a]
(2.10)

From (2.9), inequality (2.10) is true at m = 1. Assume that (2.10) is true
at m = k. Hence for x € (0,a], we have

a—1

|G kr2(x) = Gi g1 (2)| < I:?q(a) /Ox (qt/x;q) 0y
X | fi(t, p1pa1(t), - s P, k+1( ) = filt, o1 k(t), .., Pni(t))] dgt

Axa—l/
< (qt/z;q) |0 k41(t) — @i k(t)| dgt
ey s 3 )= ot
- MBk:Bail

S Dy(a)Ty(ka+1

BfM x(k-l—l)oc.
Fy((k+1)a+1)

] /0 (qt/7;q) oy t* dyt =

That is (2.10) is true at m = k + 1 and hence it is true for all m > 1.
iv. We prove that lim,, o ¢;m(x) exists for i = 1,2,...,n, z € (0,q]
such that {¢;(-)}1" 4,

¢z($) = lim ¢i,m(x)7 L= 1727' <N, T E (O7a]a
m—oo

defines a solution of (2.5), (2.6). Consider the infinite series

$in () + Y Gimi1 () = Gim(2). (2.11)
m=1

From (2.10) we obtain

> M K (Bz)™ M
7,m 7, N — < — o, B a; .

m=1 m=1

Set h := min {CL, m

then the series in (2.11) is uniformly convergent on (0, h] to a function ¢;,

and ¢;(z) = lm ¢ m(x). Since @, (z) is 0T-singular of order « for all
m—0o0

m €N, i=1,...,n, then so is ¢;(z). Also ¢;m(z) € D;(a,k) implies that

¢i(x) € Dji(a, k), x € (0,h]. The uniform convergence of the sequences

{pim(x)} on (0,h] allows us to let m — oo in the relationship (2.7), which
gives

}. Since eq,o(Bz%;q) is defined only for |z| < h

bi xa—l

00) = i 4 fs [ e 10, 0u)
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€ (0,a]. Consequently applying (1.12) yields

I %i(x) = bi+ I, IS fi(w,1(2), .., yn())
= b+ 1, filx,y1(x),...,yn(2)).

Since fi(z,y1(x),...,yn(z )), i = 1,2,...,n, are bounded on (0,h], then
IC} “;i(0) = b, i = 1,2,...,n, i.e. {¢;}, satisfies the initial conditions
(2.6).

Uniqueness. To prove uniqueness, we assume that {i;}; ; is another
solution of (2.5)—(2.6) valid in an interval (0,b], b < h. For i =1,2,.
and x € (0, h] set

Xi(z) = ¢i(z) —i(z),
gi(x) = fi(z,d1(x),...,on(x)) = fi (z,¢1(2), ..., ¥n(x))
Hence DS x;(z) = gi(x), I} *xi(0) =0, i =1,...,n. By (1.14) we obtain

a—1 x '
Fq(a)/o (qt/z;q) 19i(t) dgt, i =1,---,n. (2.12)

x
Now ; is 0T -singular of order « for i = 1,2, ..., n. Then for each z € (qb,b)
there exists a constant C, > 0 such that

C
tl_a X%t < 47
O < F

Fix z € (¢h,h] and t € {x¢™, m € N}. Hence from (2.12) and (2.13) we
obtain

xi(z) =

t € {zq™, m e N}. (2.13)

Atoc—l n t
xi(t)| < /qut;qa_xiudu
| ()| Fq(a) ; 0 ( / ) 1 ( ) q
AnC t2o—1 BC
< —X  Ba,a)= z_p2a—l
2 2 = F G0

Repeating the previous process k times we obtain
Bk+1tak+a71

()| € Co—o—-o———, k€ Z', i=1,2,...,n. 2.14
(B < Co oo i no(214)
Bktak
Since m is the general term of the series of ey o(6t%), t < a,
Bktak

then limk—mm = 0. Therefore x;(t) = 0, t € {xg™, m € N},
q

x € (¢gb,b]. That is x(x) = 0 for all x € (0, b], proving the uniqueness. ]
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THEOREM 2.2 . Assume that all conditions of Theorem 2.1 above are
satisfied with G; = C for all i; i = 1,...,n. Then problem (2.5)—(2.6) has a

1

unique solution valid at least in I*, I* := (0,a] ()| 0, —1———
(An)a (1—q)

Proof. Weprove this theorem by proving the existence and uniqueness
on any subinterval (0,h] C I*, h > 0. Similarly to the proof of Theorem 2.1
above, we can find a constant v < h such that ¢; ,,, converges uniformly to
¢ on (0,7], where ¢; p, are defined in (2.7). In addition to this it is not hard
to see that ¢; ,, converges to ¢; pointwise on (0, h]. Using Lemma 2.1 it can
be shown that the solution {¢;};"; could be extended throughout (0,h]. m

THEOREM 2.3. Let a;(z), j =0,1,...,n — 1, and f(x) be 0" -singular
functions of order « defined on (0,a]. Then there exists 0 < h < a such
that the equation

Lnaqy(x) = f(x) (2.15)
has a unique solution valid in (0, h] satisfying for k = 0,1,...,n — 1,
I)7oDEy(0) = by, by €R, (2.16)
or equivalently,
lim '~ *Dry(z) = bk (2.17)
z—0+ 9 Fy(e)

P roof. From Theorem 2.1, there exists h > 0 such that the first order
system
D((;yi = Yi+1, i:1,2,...,n—1,
D?yn = —apy1 —a1y2 — ... — bp_1yn + f(x) (2.18)

has a unique solution valid in (0, h]. But {yj}?:l is a solution of (2.18) with

the initial conditions (2.6) if and only if y; is a solution of (2.15) with the
initial conditions (2.16) or (2.17). [

The following two propositions follow at once from Theorem 2.3.

PROPOSITION 2.1. Let aj, j = 1,2,...,n, be 0%-singular of order «
functions defined on (0,a]. Then the homogeneous fractional g-difference
equation (2.2) with the initial conditions

lim_ ' TODIy(x) =0, or I, DI*y(0)=0, j=0,1,...,n—1,
x—0

has only the trivial continuous solution y(z) = 0.
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PROPOSITION 2.2. Any linear combination of solutions of the homoge-
neous equation

Lynay(z) =0 (2.19)

is also a solution of this equation.

DEFINITION 2.2.  We call ¢,a Wronskian of n functions u;, j =
1,2,...,n, having fractional sequential g-derivative up to order (n — 1)«
in (0, a, the following determinant

(Waa(ul,... u,) ()] =

Dgui () Dgua(z) . Dgun(z)
D((Infl)aul (x) Dgnil)au2($) e Dénil)aun(x)

To simplify the notation, this will be represented by |W, o(z)|. We shall
use W, o for the corresponding ¢, o Wronskian matrix.

n

PROPOSITION 2.3. Let {u;(x)}7_, be a family of functions which admit
fractional sequential g-derivatives up to order (n — 1)« in (0,b], satisfying
forj=1,2,...,nand k=0,...,n — 1, the condition

xliI(Iler azl_al)gauj(ﬂs) < 0. (2.20)

If the functions {xl_o‘uj(a:)}?zl

" Wa(@)| = 0, forall x € [0,d].

are linearly dependent in [0, a|, then

P r oo f. Since {xl_auj(x)}?zl are linearly dependent in [0, a], then

n

=1

S cjal™?u;(z) = 0. Therefore for all z € (0,a] we get
n

j=1
chuj(x) = 0. (2.21)
k=1

there exist n constants {c;} not all zeros, such that for all =z € [0, a],

Successive applications of the sequential g-derivative Dé‘“’, k=1,....,n—1,
to (2.21) lead to the following relation:
Woa(x)C =0, C=(c1,c2,...,¢2)" #0, (2.22)

and 0 is the zero n x 1 matrix. Consequently, |W, ,(z)| = 0 for all z € (0, a].
In addition, by (2.20), we can also conclude that
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lim :cl’O‘qua(a:)é =0,

z—0t

and hence lim, o+ 2" "W, o(2z)| = 0, which completes the proof. [

PROPOSITION 2.4. Let {uj(x)}?zl be solutions of the equation (2.19)
satisfying the initial conditions (2.16) or (2.17). Then {uj(a:)}?zl are lin-
early independent if and only if

lm 2" |Wy o (u,...,u,)| #0. (2.23)
z—0t

P r o o f. The proof of the sufficient part follows from Proposition 2.3

by ‘reductio ad absurdum’. To prove the necessary part, we suppose on the
contrary that lim, o+ 2" "W, o(z)| = 0. Hence the system

C =0,

$17&Wq7a($)
=0

has a non zero solution C. For the function y(z) := > j=1ciuj(x), x € (0,4l
which is a solution of (2.19) in (0, a] it holds that

! Dy ()

=0, k=0,1,...,n—1.
=0
Therefore, by proposition 2.1, 2!~%y(z) = 0 for all 2 € [0,a] and conse-
quently {z'"%u;(x) }?:1 are linearly dependent in [0, a], which is a contra-

diction. Hence (2.23) should hold. [

Let M be the vector space of all solutions of the homogeneous equation
(2.19). We call a fundamental set of solutions of (2.19) any set of linearly
independent solutions that form a basis of M.

THEOREM 2.4. M is a vector space of dimension n.

P roof Let {¢};, be n solutions of (2.19) satisfying the initial
conditions

51
. 11—« k—1)a _ kj .
Jim oD () = gy Bd=heon
Since .
li n—nao o e, On = —,
zi)mw Waa(é1 $n)(2) I (a)

then, from proposition 2.3, the functions {¢;};"; are linearly independent.
Let y € M — {0}. Then there exist constants {b;},_,, not all zeros, such
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that lim, g+ 222D D (x) = by. Set b = (b1, ba,...,bn) . Then the
System

lim, 2 W, (b1, .., dn)(x)C = b
has a non zero solution C, C' = (c1,¢,...,cn). Let z(x) = > i1 cidi(T),
x € (0,a]. Then

lim z'=*D%=De(y —2)(z) =0, k=1,2,...,n.

z—0F a
Consequently, from Proposition 2.1, z(z) = y(z), =z € (0,a]. Thus y is
written uniquely as a linear combination of the functions {¢;};~,. Hence
{¢:i}i_, is a basis of M. ]

The proofs of the following results are direct and are omitted.

n

COROLLARY 2.1. A set {u;(x)};_, of n linearly independent solutions
of (2.19) is a fundamental set if and only if
lm 2" " W, (ug,...,u,)| #0.
z—0t
PROPOSITION 2.5. Ify, is a particular solution to the equation (2.15),

then the general solution to this equation is given by y, = yn + yp, where
yn Is the general solution to the associated homogeneous equation (2.19).

3. Solutions of linear fractional ¢-difference equations with
constant coefficients

In this section we are concerned with constructing a fundamental set of
solutions of (2.2) when it has constant coefficients. Let

n
Lq,nay(x> = Zakpgay(x) = Ov (31)
k=0

where the coefficients {ak}z;é are real constants and a,, # 0.
The characteristic polynomial P(X) of (3.1) is defined by

P\ =ao\" +aiX" '+ +a,, AeC. (3.2)

From now on \;, 1 < i < K denote the distinct roots of P(\) and pu; denotes
the multiplicity of A;, so that Zfi 1 i = n. As in the usual case we shall
seek a solution in the form

- e (Aﬂ?a)j -1
y(xz, A) = z¢ lea,a Az q) = 271 — Jz|<(1—-¢q) .
(@) Oatia) =23 e W<
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Since D’qmy(ac, A) = My (2, \), k € N, then we have

Lq,noay(xa )‘) = Pn()‘)y(xv )‘) (33)
The following assertion is true for complex A € C.

LEMMA 3.1. If A € C is a root of the characteristic polynomial (3.2),
then

o o
W (Lq7nay($, )\)) = Lq,na <a>\ly($, )\)> s l € N7 (34)
and
al _ lat+a—1 - ()\xa)m
o)) =2 Z(m+l)(m+l—1)...(m+1)rq(ma+la+a).

m=0

P r oo f. The lemma follows from the linearity of the operators aa—;l and
Lgna- |
q,no

LEmMMA 3.2. Ford;i=1,...,K,andl,l=1,...,u;, the functions

(Ajz)™
Ly(ma+la+a)’
(3.5)

bag(, Ni) = alotert i(m +O)(m+1-1)...(m+1)

m=0

[Aillx(1 — q)|* < 1, are linearly independent solutions of (3.1).

P r o o f. From equations (3.3)-(3.4) and the classical Leibniz rule, we
obtain

3l
Lq,na (¢a,l($, Az)) - Lq,na <8Alea’1()\x;q)> ‘

A=
~ (! (=)
_ O e )| =
> ()P Ny (@A), =0,
r=0
forl =0,1,...,u;—1. So the functions defined in (3.5) are solution of (3.1).

The linear independence follows from Proposition 2.3 since

mli)l’(I)IJﬁ 1'k_ak ‘W ,Q (¢a,17 ¢a,27 cey ¢047Ni) ([E, AZ)’ = Fk’(a) '

This lemma and the above discussion leads to the following theorem. "
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THEOREM 3.1. The set {gbam(m,ki)}ffg)l of (3.5) is a linearly indepen-
dent set of solutions of (3.1). Moreover, the set

{H{ar(e M), i = 1.k}

is a fundamental set of solutions of (3.1).

ExaMpPLE 3.1. Consider the fractional differential equation

Dy*y(x) —y(z) = 0.

The characteristic polynomial P(A) = A? — 1 has two distinct roots A\; = 1,
Ao = —1. Hence the general solution is given by

y(x) = c12° teq1(x59) + c22* leq 2 (— 13 q),

where ¢; and ¢y are arbitrary constants.

4. General solution in the non homogenous case

In this section we seek a general solution for the non-homogenous equa-
tion
Lgnay(x) = f(2). (4.1)
by applying the Laplace transform method to derive a particular solution
yp(x) of (4.1).

In [14], Hahn defined two g-analogs of the Laplace transform. We are
interested in the one defined by

1
qLsf(z) = ¢(s) = l—q/o (—qs7;qQ) oo f(z) dga. (4.2)
As an example, if

z" (1—4q)

—_— —1, th L = 4.3
Lorp 770 e ek =T 69)

or(x) =

Abdi in [1] studied certain properties of these g-transforms. In [2]

he used these analogs to solve linear g-difference equations with constant

coefficients and certain allied equations. In [9], Annaby and Mansour used

(4.2) to construct a fundamental set of solutions for a certain linear R-L

fractional g-difference equation with constant coefficients. Ismail in [15]
defined the convolution of two functions F, G to be
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1 x

(F+G)= T—a F(t)e "G(x) dgt, (4.4)
—4Jo
where €Y is defined by Ismail in [15]. It is proved by Hahn, cf. [14] that
oLs(F % G) = yLyF ,L,G. (4.5)

The g-Laplace transforms of the R-L fractional ¢-integral and g-derivative
are given in the following lemma, cf. [9]

LEMMA 4.1. If F € £}[0,a] and ®(s) := (L F(x), then

L JIJF(x) = (1 SBQ)%(S), B> 0. (4.6)
If0 < 3 <1 and I, °F(z) € AC,[0,a], then
JLsDJF 57 1-p
(0) = G g7 ~ L P O). (4.7)

LEMMA 4.2. The g-Laplace transform of the Riemann—Liouville sequen-
tial g-derivative of order ma is given by

m—1

LD y() magb Zpamllll aDal pzliq‘
=0

P r o o f. The proof of this lemma follows by induction on m and by
using (4.7). [

LEMMA 4.3. Foreachi,i=1,...,k, 1 =1,2,..., 1,

il
(¢al($ )‘)) 1—g¢

is valid in the disk {x € R : |\||z(1 — ¢)|* < 1}, where p :=

(™ = X) 77 pl* > N (4.8)
S
1—q

P r o o f. From the properties of the ¢-Laplace transform, cf. [2], (3.5)
and (4.3), we obtain
)\m‘rmow#la«#afl

oLsbai(@Xi) = L Y (m+D)(m+1-1)... (m+1)
m=0
—la—a
- pliq S (m+D(mA+1-1).. (m+1)Np )™

Ly(moa+la+ )

m=0
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So for |\;| < p® we get

pflafa dl

& —la—a gl
P d 1
aLsboi(@ X)) = 2" =
m=0
|

Z=Np~ (1 — q) E 1—2z Z=Np~

1—q
Il
(1=q)(p> — X))t

]

THEOREM 4.1. Let {)\j}f{zl be the K distinct roots of the multiplicity
{,uj}j(:l of the characteristic polynomial P, (\) associated with the homo-
geneous equation Lgnoy(z) = 0. Let Q,—1(\) be the polynomial defined

by
n—Il—1

n—1
Qna(N) =N, di= Y apl) “Diy(0).
=0 k=0

Let {v;,}, {0;r} .7 =1,...,k, m=1,...,u; be the constants satisfying the
identities

1 K Hj 5 Q 1(}?) K Wy i
= BT 5 n- = i,’,. 49
P 2Dy B =2y
J=1r J=1ir
Then the general solution of (4.1) is given by

N~ (1)

y(@) =) T (%r%,r(% Aj) + 05 () % Pa (2, /\j))- (4.10)
j=1r=1 ’

P r oo f. First, it should be noted that the constants {v;,}, {d;,}, j =
1,...,k, »=1,..., u; are uniquely determined by applying the method of

1 —1(A
partial fraction on the fractional functions and @n1(N)

Pa(X) Pa(A)
Applying the ¢g-Laplace transform on the two sides of (4.1) gives

(Z arpra> o(s) —
r=0
Since Y 4 E?ial Um—1-1 (I(}""D;"ly(o)) P =

n—1 n n—1
> ( > amoio (I;aDg“(m“)ym))) P=Ddip' = Qua ("),
=0

=0 \m=Il+1

respectively.

n m—1

Gm—1-1 (Iqlfo‘Dg‘ly(OD P =F(s), p=
0

m=1 [=
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then ¢(s) — Qn;lp(gj) + Pf((;i) From (4.9) and (4.5) we obtain
ko Hy Vi K K 3 i
QS(S) _;TZI (pa Y )7’ +;; (pa_)\ )T (S)
K 1y i 5
Thus, = L1 <J F J> . 4.11
us y(CC) ]z; ot q (pa . )‘]) + (S) (pa . )‘]) ( )
From (4.8) and (4.5) we get, for |p%| > lrgr;ag% A1,
1 _ (1-q) ,
m = qu ( " 1' ¢a7r(x,AJ)> 5 (412)
1 F(s) ‘
qu m f(x) * ¢a,r($7 )\j) (413)

Then substituting from (4.12) and (4.13) in (4.10) gives (4.10) and complet-
ing the proof. [

ExAMPLE 4.1. Consider the sequential fractional ¢-difference equation
of order 2a

D*y(x) — Dgy(a) — 2y(x) = f(x). (4.14)
The characteristic polynomial Py(A) of (4.14) is given by
PoA) =X —-A—-2=\+1(\-2).
It has two distinct roots Ay = —1 and Ay = 2. Therefore the general solution
of the homogeneous equation (4.14) is given by
y(x) = c12° lean(—2% q) + 22" leq n(22%q),

where ¢; and ¢y are arbitrary constants. One can verify that
1 1 1 1
=—(dy—d = —(2dy — dp), 011 =—= d o1 = =.
71,1 3( 1 0); V2,1 3( 1 0), 1,1 3 and 021 3

That is, .
p(®) = 111001 (2, —1) +92,1001(2,2) + 5 f(2) * (Pa1(2,2) = dan(z, —1)).

Now we compute y, in case of f(z) = z. Set g(x) := ¢a,1(x,2) — pa,1(z, —1).
Then

1 T x

—qt o 1
J@)eg@) = = | o0 wdot = 7 | oW —at)dgt. (415)

Applying the g-integration by part rule (1.5) with
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a=0,b=2z, u(t)=x—t, and Dyv(t) =g(t)

gives
1 > xma+2a
f(@) * g(z) 1_qg_:0(m+ ) (2™ + (-1) )Fq(ma+2a+1)
$20¢+1 1 N ) .
- 1 q (6517L+2(2x 1q) — 61(1,)04-5-2(_37 ;Q)) )

dk
where by f*)(z), k € Z*, we mean Wf(z) Thus

yp(x) = ’71,1¢a,1($7_1)+’72,1¢a,1(x72)

) (1)
9227 ) — 2% ).
G (ra20%50) — (o))

REMARK 4.1. We would like to mention that the results of this pa-
per hold if we consider linear sequential g-difference equations where the
fractional g-derivative is the Caputo g-derivative, cf. [9,22]. The Caputo

g-derivative of order « is defined as

‘DS f(z) = IF"DEf(z), k=la]+1, fe ACP0,a]. (4.16)
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